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Quantum corrections to dilute Bose liquids
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It was recently shown@A. Bulgac, Phys. Rev. Lett.89, 050402~2002!# that an entirely new class of quantum
liquids with widely tunable properties could be manufactured from bosons, fermions, and their mixtures by
controlling their interaction properties by means of a Feshbach resonance. Since the quantum fluctuations in
this regime could, in principle, destabilize these objects, we extend the previous mean-field analysis of these
quantum liquids by computing the lowest-order quantum corrections to the ground-state energy and the deple-
tion of the Bose-Einstein condensate and by estimating the higher-order corrections as well. We show that the
quantum corrections are relatively small, do not lead to the destabilization of the droplets and are controlled by
the diluteness parameterAnuau3!1, even though strictly speaking in this case there is no low density expan-
sion.

DOI: 10.1103/PhysRevA.68.033606 PACS number~s!: 03.75.Hh, 03.75.Nt, 05.30.Jp
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Among the quantum fluids observed so far, only3He,
4He, and atomic nuclei are self-bound/liquid systems. I
very likely that this relatively short list could become e
tremely long by the addition of boson droplets~boselets!,
fermions droplets~fermilets!, and their mixtures~ferbolets!
@1#, which owe their existence to the possibility of tunin
two-atom interactions and to some unusual properties of
three-body system.

It was predicted about ten years ago@2# and was con-
firmed experimentally about five years ago@3# that by im-
mersing atoms in a magnetic field~and, in principle, in elec-
tric or laser fields as well!, one can alter essentially at wi
the scattering lengtha between two atoms. Under such c
cumstances, it is possible to create a situation where the
tering length is negative and significantly larger than the
teraction radius. In the regime where the magnitude of
scattering length is much larger than the typical scale
atomic interactionsr 0, the three-atom system exhibits som
very unusual and interesting phenomena@4,5#. The three-
body observables depend on a new scalea3 which is not
determined by any two-body observable. In the language
effective field theory, this corresponds to the fact that a thr
body force appears at leading order of the low-energy exp
sion @6#. Also, the three-body observables are periodic fu
tions of ln(a/a3) and the three-particle scattering amplitu
can be made arbitrarily large by fine tuninga. By choosinga
negative, large (uau@r 0), and with a three-body bound sta
close to the threshold, a rather unique situation is crea
Two low-energy atoms experience an effective attraction,
at the same time three atoms will experience an effec
repulsion. This situation is very well understood theoretica
and it is known as the Efimov effect@4,5#. A large ensemble
of such atoms can condense in the same way as water d
lets condense from vapor. Since such condensation can o
for any atom species for which a Feshbach tunable reson
exists, an entirely new class of~bose, fermi, or mixtures!
quantum liquids@7# can be created. Their equilibrium densi
is determined by the interplay between the two-body attr
tion and the three-body repulsion between particles in
Efimov regime described above. Since the magnitudes of
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two-body attraction and of the three-body repulsion are t
significant extent under experimental control, the basic pr
erties of these new quantum liquids are widely tunable@8#.

In Ref. @1#, the basic properties of this new class of qua
tum fluids were established in the mean-field approximati
It is not at all obvious that quantum fluctuations could n
destabilize a boselet. It is generally expected that the me
field approximation is rather accurate for dilute syste
@9–11#. Under normal circumstances~when a.0 and a
'r 0), it is sufficient to take into account only the binar
atom-atom collisions and the effects of quantum fluctuatio
whereas the triple atom and higher collisions are rather sm
and controlled by the diluteness parameterAna3!1 @9–11#.
The regimea,0 was considered until recently as intrins
cally unstable towards collapse, unless the number of bos
is smaller than about 1500 or so in a trap@9,12#. In the
specific Efimov regime, we are interested in the fact that
two-body scattering amplitude is large (a,0,uau@r 0), but
the three-body amplitude is even larger. Even though
system is dilute with respect to the two-body collisio
(nuau3!1), it is not obvious that diluteness with respect
the three-body collisions is achieved and one might susp
that the mean-field approximation could be violated. It
imperative to understand the character and the magnitud
these corrections to the ground-state properties in the cas
these new quantum liquids and determine whether quan
fluctuations can lead to instabilities. One can naturally exp
that such effects would perhaps manifest themselves par
larly strongly in the case of bosons and less so in the cas
fermions. For this reason, we shall focus our attention h
on Bose systems only.

We start with the Lagrangian density

L1mN5c†S i\
]

]t
1

\2¹2

2m
1m Dc2

g2

2
c†c†cc

2
g3

6
c†c†c†ccc, ~1!
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wherec† and c are the creation and annihilation operato
for a boson,m is the chemical potential, and the couplin
constants are

g25
4p\2a

m
, ~2!

g35
12p\2a4

m Fd11d2 tanS s0ln
a

a3
1

p

2 D G5
6p\2a4

m
Y.

~3!

Here,a is the two-body scattering length ands0'1.006 24.
d1 andd2,0 are universal constants, whose numerical v
ues have been determined recently@13#. The values of the
coupling constant are determined by considering the sca
ing of two and three particles at zero momentum.a3 is the
value of the two-body scattering length for which a thre
body bound state has exactly zero energy. Unliked1,2 ands0,
the parametera3 is system dependent and is also a genu
three-body characteristic. The rest of the symbols have t
usual meaning. We have introduced a new dimension
quantityY@1 in Eq. ~3!, which will prove very convenient
in power counting. We will only use the Lagrangian in E
~1! for particle momenta much smaller than\/uau so that it is
legitimate to subsume the complicated dynamics on the s
\/a, leading to the Efimov effect into a contact three-bo
interaction. We show below that the typical loop momen
are of orderQ;\/(uauY1/2)!\/uau. More precision can be
systematically attained by including terms in Eq.~1! with
more derivatives or fields, but their effect is strongly su
pressed. As we mentioned above, the interesting regim
wheng2,0 andg3.0 @1#.

Since we are interested in the condensed state of a sy
of bosons, it is natural to split the fieldc into a classical (c
number! condensatef and the fluctuationsc: c→c1f. (f
can be chosen real in this case.! In terms of the new vari-
ables, the Lagrangian density becomes

L1mN52
1

2
g2f42

1

6
g3f61mf21f~c1c†!

3S m2g2f22
g3

2
f4D1

1

2
~c†c!

3S i\
]

]t
1

\2¹2

2m
1x 2g2f22g3f4

2g2f22g3f4
2 i\

]

]t
1

¹2

2M
1x
D

3S c

c†D 1~ interactions!, ~4!

wherex5g2f21g3f4. The interaction terms include vert
ces with threec ’s (;g2f and;g3f3), four c ’s (;g2 and
;g3f2), five c ’s (;g3f), and sixc ’s (;g3) and normal
ordering is implied as well. At tree level/mean field, the p
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ticle number density isn5f2 and the energy density an
chemical potential~determined by imposing the conditio
^c&50) are given by

E5
g2

2
n21

g3

6
n3, ~5!

m5
dE
dn

5g2n1
g3

2
n2. ~6!

In writing down the contribution quadratic inc ’s in Eq. ~4!,
we have implicitly taken into account the condition~6!. At
equilibrium/zero pressure (P5ndE/dn2E50), the values
for the particle number density, energy density, and chem
potential are easily determined to be

n05
1

uau3

1

Y
, ~7!

E05m0n052
\2

ma2

p

Y
n0 , ~8!

m05
dE
dnU

n5n0

5
E0

n0
52

\2

ma2

p

Y
. ~9!

Notice that only at equilibrium, the chemical potential b
comes equal to the energy per particle, see Eq.~9!. The tree
level/mean-field approximation is valid when the system
dilute, which holds as long asY@1. At and near equilib-
rium, the contribution of the two-body and three-body col
sions are comparable in magnitude. The three-body collis
term, which in dilute systems is typically negligible, is im
portant in this case because the three-particle bound sta
close to the threshold and the particles are in the Efim
regime.

From the Lagrangian~4!, we can determine the norma
and anomalous propagators for the Bogoliubov quasiparti
which can be conveniently represented as a matrix:

Dk5
1

v22vk
2S v1

\2k2

2m
1x 2x

2x 2v1
\2k2

2m
1x
D ,

~10!

wherevk is the Bogoliubov dispersion relation for quasipa
ticle excitations,

vk5A\2k2

2m S 2x1
\2k2

2m D'\kAx

m
. ~11!

Since g2,0, the sound velocitys5Ax/m for long wave-
lengths is imaginary for small particle number densitie
namely when

n,ns5
ug2u
g3

5
2

3
n0 ~12!

and the homogeneous matter at these densities (n,ns) is
unstable towards collapse and condensation into denser d
lets. For densitiesns<n<n0, the pressure is negative an
6-2
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such a system tends to increase its density and binding
ergy. If the densityn.n0, the internal pressure is positiv
and the system tends to expand towards equlibrium and
ers its energy, unless external walls exert inward press
Unlike the phonons in liquid4He, the curvature of the qua
siparticle excitationvk as a function of the wave vectork is
positive. As a result, these quasiparticles have a finite l
time due to decay into two quasiparticles, corresponding
width G;k5 @11,16#, since the velocity of a quasiparticl
with finite wave vectork is larger than the sound velocity.

The quantum fluctuations can now be evaluated at
one-loop level with usual techniques. We have chosen to
dimensional regularization for the evaluation of various
verging integrals@17#. Old fashioned techniques@9–11#,
such as diagonalization of the quadratic part of the Lagra
ian equation~4! with the a Bogoliubov transformation an
subsequent evaluation of the corrections to the ground-s
density and energy would lead to identical results. The p
ticle density and the energy density at one-loop level
given by the following expressions:

n5f21
1

3p2 S mx

\2 D 3/2

, ~13!

E5
g2f4

2
1

g3f6

6
1

8\2

15p2m
S mx

\2 D 5/2

1m~n2f2!.

~14!

The first correction term to the energy density~and similarly
to the number density as well! is formally identical to the
o
e
h
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Lee and Yang term@9–11#, which was computed, howeve
for a Bose gas with repulsive two-body interaction. The eq
librium values for the particle number density~both con-
densed and noncondensed!, the energy density, and energ
per particle after including first-order quantum correctio
become

n5
1

uau3

1

Y S 12
72

5
a D , where a5

23/2

3p1/2Y1/2
,

~15!

E5E0S 12
88

5
a D ,

E
n

5m0S 12
16

5
a D . ~16!

Surprisingly, Eqs.~13! and~14! determine correctly both the
linear and the quadratic corrections ina for energy per par-
ticle E/n. Therefore, the first-order quantum corrections a
controlled by the same diluteness parameterAnuau35Y21/2

!1 as in the case of a Bose gas with repulsive interaction
spite of this formal apparent similarity, the meaning of t
present result for the condensed Bose liquid whena,0 is
qualitatively different. There is strictly no low-density ex
pansion in the present case, since for densitiesn,ns
52n0/3, the system is unstable towards long-wavelen
density fluctuations as the sound velocity is imaginary,
discussion of Eqs.~11! and ~12!.

A general argument can be given for the suppression
higher-loop corrections. Consider a generic diagram cont
uting to the energy density~that is, without external legs!,
containingI propagators,L loops, andni vertices withi legs.
It can be estimated by
~Energy Diagram!;S m

Q2D I SAx

m
QQ3D LS x

n1/2D n3S x

nD n4S x

n3/2D n5S x

n2D n6

;m3L/2x2I 15L/21n31n31n51n6n2n3/22n423n5/222n6, ~17!
er
ers
s
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whereQ;Amx;1/(uauY1/2) is the typical loop momentum
@18#. When using dimensional regularization, no powers
the cutoff are present and the only momentum scale in th
diagrams is set byAmx. Combining the above estimate wit
the relations

2I 53n314n415n516n6 , ~18!

I 5n31n41n51n61L21, ~19!

we find

~Energy Diagram!;m3L/2x3L/211n12L;E 0Y2L/2.
~20!
f
se

Consequently, up to logarithmic corrections, all higher-ord
loop corrections are suppressed in the dilute limit by pow
of Anuau35Y21/2!1. As in the case of dilute Bose gase
with repulsive interactions@9–11,14,15#, this parameter is
proportional to the ground-state fraction of non-BEC p
ticles. In this respect, this new class of quantum liquids,
particular the boselets, is qualitatively different from liqu
4He where the fraction of non-BEC particles is close to 90

For large Y@1, the self-bound system is dilute. Th
states with positive pressure, however, can be dense. T
states could still be dilute with respect to two-body col
sions, however, of such a density thatug2u!g3n. In this
regime, the loop expansion breaks down and a further res
mation is required. The energy per particle of the system
large and the system can exist only if external pressur
applied. It is very likely that the system undergoes a tran
6-3
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tion to a coherent mixture of atoms and trimers, similar
the situation put in evidence in gaseous BEC, where the
existence of an atomic BEC with a molecular BEC was p
dicted@21# and experimentally observed@22#. The formation
of trimers will have two effects, lowering the particle dens
and lowering the energy. The spatial size of a trimer wh
a,0 is smaller thanuau, even if the trimer binding energy i
vanishing. The wave function of an Efimov state of ze
energy is normalizable and the wave function is concentra
predominantly at interparticle distancesur i2r j u,uau, where
i , j 51,2,3 are particle labels in a trimer@19#. Since the av-
erage separation between atoms is presumed to be larger
the scattering length, when all atoms convert into trimers,
trimer number density decreases roughly by a factor o
when compared to the atomic number density@1#. The trimer
phase is most likely stable, provided the trimer-trimer sc
tering length is positive, which is most probable@9,20#.
When a trimer is formed, a significant amount of energy
released as well. These two factors, the significant drop
density and energy, should be explicitly taken into acco
when evaluating the energy density at higher particle de
ties, where triple collisions might dominate. The self-bou
state we have considered is only metastable. It can de
either by a four-particle process, leading to the formation
ev

en

ol

ss

i-
K,
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a trimer and one energetic atom, or through a three-b
process with the formation of a deeper dimer and one e
getic atom~the formation of a shallow dimer is exclude
sincea,0). The rate for the first process is proportional
\n4a7/m and likely very small. The formation of a dee
dimer was considered in Ref.@23# and it was found to be of
the order of\n3a4/m. This decay rate is, however, enhanc
when a three-body state is close to the threshold, where
correct rate can be determined only through a nonpertu
tive calculation, but this is not yet attempted. This recom
nation rate is related to the widths of the Efimov states du
the existence of deep two-body bound states, which foll
the same exponential behavior as the energies of the Efi
states@24#.

Note added.Boselets made of spin-polarized tritium a
oms are the likely candidates, since the regime we st
here, wheng2,0 and g3.0, could apparently be easil
reached according to Ref.@25#. In this particular case, three
body recombination processes are absent.

Note added in proof. Recently Braaten and Hammar@26#
performed a nonperturbative calculation of three-body
combination rates in dilute gases.
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